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Without use of pathintegral formalism a composite particle effective dynamics is developed for
spinor quantum electrodynamics. By algebraic evaluation of spinor quantum electrodynamics in
Coulomb gauge a corresponding functional equation is derived. The commutation rules for the
transversal electromagnetic field can be deduced as a consequence of this formalism. By application
of weak mapping theorems the QED functional equation can be mapped onto a functional equation
for composite particles with mutual interaction and interaction with the electromagnetic field. The
formalism is demonstrated for positronium states. The incorporation of renormalization into this

scheme is verified.

PACS 12.20: Quantum electrodynamics.

1. Introduction

Atoms and molecules in quantum electrodynamics,
and nuclei and mesons in quantum chromodynamics
are considered as composite particles built up of ele-
mentary leptons, baryons or quarks. Hence the study
of the formation of composite particles and the deriva-
tion of their corresponding effective dynamics have to
be some of the basic aims of abelian and nonabelian
gauge theories with respect to their application to
atomic and nuclear physics. In the course of the eval-
uation of these theories numerous investigations were
made about the formation of bound states by means
of Bethe-Salpeter equations and Schrodinger equa-
tions [1], and the effective dynamics were studied by
Fock space methods [2] or path integral evaluation
[3]. Summarizing the results of these investigations
one observes the following drawbacks:

i) the bound state calculations are in general not
related to a corresponding effective dynamics;

ii) the Fock space methods are in contradiction to
algebraic representation theory of quantum fields
[4];

iii) path integrals imply conceptional as well as tech-
nical difficulties, in particular with respect to effec-
tive dynamics for composite particles [5].

To avoid these drawbacks, in previous papers a
composite particle theory was developed which is
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strictly based on the algebraic properties of quantum
fields. One of the main ingredients of this theory is the
weak mapping method which can be rigorously for-
mulated by weak mapping theorems [6]. This method
uses generating state functionals which can be defined
by means of the field algebra. For every algebraic state
on the field algebra there exists at least one regular
cyclic representation in Hilbert space. The basis vec-
tors of this representation are obtained by the applica-
tion of symmetrized or antisymmetrized monomials of
field operators on this cyclic Hilbert space vector
(G.N.S.-construction). Generating state functionals
are then defined as the set of projections of an arbi-
trary but fixed energy eigenstate in Hilbert space on
these G.N.S.-basis vectors. Furthermore, from the
original Heisenberg dynamics of the quantum fields
corresponding functional equations for these state
functionals can be derived. Weak mapping is then
introduced by a reordering of such generating state
functionals according to certain bound state struc-
tures. As a result one obtains another state functional
which is by definition the image of the weak mapping
operator. Since the functional field equations may be
viewed as operators acting on the set of generating
state functionals, by weak mapping these operators
are simultaneously transformed with the states, and
this yields new functional field equations which are
considered as the algebraic description of the effective
dynamics of composite particles in quantum field
theory.

So far, weak mapping was confined to the treatment
of fully regularized quantum field theories, i.e., singu-
larities of the quantum fields and their subsequent
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renormalization were excluded. In this paper we
extend the weak mapping formalism to the case of
renormalizable quantum field theories. We first exem-
plify this treatment for the most simple model of a
gauge theory, namely spinor quantum electrodynam-
ics. In forthcoming papers we will proceed to the treat-
ment of nonabelian gauge theories.

In the algebraic formulation of the quantum field
dynamics the time evolution of the quantum fields is
assumed to be a one-parameter automorphism group
of the field algebra. This kind of description of quan-
tum fields is closely related to the Hamilton formalism
which is not manifestly invariant, or covariant, respec-
tively. In order to adapt spinor quantum electrody-
namics to this formalism, we cannot use a covariant
gauge with superfluous field variables. Rather we have
to apply a noncovariant gauge with a minimal num-
ber of physical field variables, and for spinor quantum
electrodynamics the Coulomb gauge seems to be the
most appropriate one. Although the Coulomb gauge
is a noncovariant gauge, it was recently demonstrated
that it is inherently relativistic invariant even in non-
abelian theories [7]. We therefore conclude that effec-
tive dynamics derived in Coulomb gauge and Hamil-
ton formalism will be inherently relativistic invariant,
too, but we will not explicitly prove this property here.

2. Spinor Electrodynamics in Coulomb Gauge

The bare Lagrangian density of spinor electrody-
namics reads

Li=—LF, F" + 1y 0,y —i(0,%) V)

—moY Y+ e A, Yy y: )
with

F,,i=0,4,~0,4, @

nv

and m, and e, the bare fermion mass and charge.
According to Sect. 1 we treat spinor electrodynamics
in a non-covariant gauge. With respect to composite
particle dynamics under all non-covariant gauges the
Coulomb gauge is definitely distinguished, as in this
gauge the basic binding force between charged
fermions, i.e., the Coulomb force or its potential, re-
spectively, explicitly appears in the Hamiltonian. Fur-
thermore, we can work in this gauge with a minimal
number of physical field variables, which enables us to
define consistent field quantization rules and to pre-
vent the admixture of unphysical states to physical
bound states.

For the algebraic treatment we need the corre-
sponding field equations. If we combine  and its
charge conjugated field Y into a superspinor field ¥
defined by

v, if A=1
.{{IA:= — . 1)
Wo=Cpy W, if A=2

we get from (1)

C:=iy»°, (3

6VF‘”+%'PC)J“02‘P=0, @)
(740, —mo) ¥ +eg A,y a*¥ =0, )

where the Pauli matrices ¢* act on the index A.

In addition, the algebraic treatment and the Hamil-
ton formalism need a formulation of the field equa-
tions in terms of canonically conjugate variables, in
particular with respect to the electromagnetic field.
We therefore introduce E* := F% into the above field
equations. Equations (4) and (5) can then be rewritten as

i00W =— ("0, — Pmo) ¥ —egy°y"4,0° ¥,
i00E* = — 1 oW Cy* oW +i(8, 6 4) — 9,07 4Y), (6)

id,A*=iE*—i9, A°,
akE*=—i% Y C002 .

We now impose the gauge condition
0,4*=0 (7)

and decompose E* and A4* into transversal and longi-
tudinal parts: E* = Ef + E¥, A* = A + A}.
The decomposition is performed by the application
of projection operators
Pi=1-4"'V®V-, B=4"'V®V- (8
with P,V =V, and BV = V. Furthermore it is
V-¥,=0, Vx¥=0 o)

for any vector V. In particular, from the gauge condi-
tion it follows 4, = B4 =0,ie. A=A4,,.

Applying the projection operators B, and F to (6),
we obtain the following set of equations

10, =—(iodk8,—Bmg) ¥ —e, A% ¥

+eqodk Ak 63 WP, (10)

i@OE{‘,=—P"%° WO o?W +idAk, (11)
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i@oA:‘r=iEfr, (12)

iaoE{‘=~E%°— YCyal Y, (13)
Ef =6kA°, (14)
K . €o 0. 2

0 E; =—17‘I’Cy Y. (15)

If we observe current conservation it turns out that
(13) depends linearly on (15). Hence in the following
we can omit (13). Substitution of (14) into (15) with
appropriate boundary conditions yields

A°=—%eod"‘I’Cy°az'I’. (16)
By this equation, (14) and (15) are satisfied and we can
replace (14) and (15) by (16). Finally we substitute (16)

into the spinorial equations (10). Therefore, from (6)
the following set of independent equations remains:

i0,¥ =—(io*0,— pmy) ¥

+—e2(47 'Y CY° e’ W)a WP +e b A a3 WP,

N~

iaoE{‘,=—R,e—2° WCY P +idAk, 17)

id A =iEk .

In these equations all superfluous field variables are
eliminated in favour of a minimal set of independent
field variables, namely ¥, E*, A% .

With regard to subsequent quantization and re-
normalization we have to supplement the classical
Lagrangian by the corresponding counterterms, and
therefore we have to correct the dynamical equation
(17), too.

Usually, renormalization is performed by means of
multiplicative Z-factors for fields and charge. It can,
however, be proven that this multiplicative renormal-
ization can be transformed into a mass and charge
renormalization [8]. This gives

my=m—om; ey,=e— de, (18)

where m is the observed mass and e the observed
charge of the fermion, and dm and de are the only
counter terms of the theory. As the renormalization
can be performed in any gauge, this result must hold
in the Coulomb gauge and we can substitute (18) into
(17) without any difficulty.
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In general, renormalization is properly defined only
in perturbation theory. On the other hand we rejected
perturbation theory as an inadequate means to treat
composite particle dynamics. How this difficulty can
be resolved will be seen in the following section. In any
case, as a first step we need a perturbation indepen-
dent algebraic scheme to treat spinor QED.

To perform such an algebraic treatment it is con-
venient to introduce some abbreviations. First we in-
troduce an additional index 5 to combine the fields
E*, A* into a superfield
i {A{‘, if n=1

: . 19
1 Ek if n=2 (19)

The vector fields are then characterized by the argu-
ments {r, k, n}, while the spinor field has the argu-
ments {r,a, A}. For both kinds of arguments we
symbolically use only one index K :={z,k,n} or
I:={r, o, A}, respectively. With these abbreviations
(17) can be symbolically rewritten as

i100% =Dy Y+ Wi By ¥+ Upi 9, 9. ¥,
i0oBx= Lyx By + J' " ¥, ¥, (20)
with

Dy i=—(ia* 0y — Bmg)yy 6(r — 1) 844,

VVIII( =€ a:a’ 6(" - rl) 6(’ - Z) 5111 aiA’ ’

i
Uit = — o e} {(Cy"),m O VR )

. 5(’1_"2)5('_'3)}
ns(123),

lr—ry|
Lygg :=i0(2—2') 030102y +i4,0(2—2") 636,201, »

Jll(ll2 = % eoRi 6(z—r,) 5(2_’2)(C7k)a1a2 52:, 0'}142,

where all symbolic operators are formulated as inte-
gral kernels with summation convention, aside from
P? which means the action of B, on the subsequent
expression with free index z.

3. Quantization of Spinor Electrodynamics

We turn to the quantization of (20). With respect to
the fermion field we impose the canonical equal time
anticommutation relation (22)

[Tln ‘Plz]:’ =A,1,21; A1112=(Cy0)u1a2 O',LAZ o(ry—ry).
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Furthermore we assume for equal times ¢
[Bx, #1]- =0,
[Bl(la sz]'— - CK1K2 1,

(23)
(24)

where Cy g, has to be a purely imaginary antisymmet-
ric generalized c-number function, i.e. Cx g, =—Cy g, -
Usually, the special form of C g, is postulated by
means of the canonical quantization procedure. How-
ever, as will be seen below, Cy , is uniquely deter-
mined from the field equations (20) and the fermion
anticommutator (22) by the requirement of a consis-
tent quantum theory. Hence, we do not specify the
form of the commutator Cy g, from the beginning,
rather it will come out as a result of our calculation.

In the algebraic formulation of quantum field theory
[9] the quantum states |a) of our system can be char-
acterized by the set of matrixelements for equal times ¢

O (¥,... %) &L (Bg,...Bg, ) |a), (25)
nm=1...00.

The operator &/ antisymmetrizes the product of field
operators ¥ ... ¥; with respect to the indices 1, ..., n,
whereas the operator & symmetrizes the boson oper-
ators with respect to the indices 1, ..., m. Therefore,
we have to establish an equation which allows, at least
in principle, the determination of the matrixelements
(25). If we assume the existence of a Hamiltonian oper-
ator H, we have the following Heisenberg equation:

i0, (¥, ... %) & (Bg,... By )

=[(¥,... %) (B,... B, ) H]_. (26)

We require the states |0), |a), which are characterized
by a complete set of quantum numbers, to be eigen-
states of H. Then we obtain from (26)
AEQ| A (¥,... ), L (B, ... By, ) lay

=i0, 0| A (¥,..-¥) L (Bg,-..Bg ) lay. (27)
For brevity we suppress the index t in (25) in the
following.

With the help of (20) we can evaluate the right hand
side of (27):

i0, <0 f (¥,... %), 7 (By,... By,) 1@ o5

O (¥, Dyr ¥)... ¥1,) & (Bg, .. Bg,) |ad

M=

1=1

+,Z O| A (... Wi ). ¥,) By S (By,... By, ) ay
=4

+ 2 <01 (B, (U Wy, By, ) )
=1

- #(By,..-Bx,)|a)
+ 2 0L (9, 9,) S By, (L B -Br,.) | @)

+ 3 01 L (W, %) P, o,
I=1

© % (Bg,..-By,—y JMM2By .\ ... By )|a)
=T +T+E+ T+

In order to get an equation for the matrixelements (25)
we have to represent the right hand side of (28) as a
linear combination of the matrixelements (25). As a
first step in this direction we transform the expressions
Ty,..., Ts into a standard representation.

We begin with the evaluation of T; . By repeated anticommutations we shift ¥;. to the left, and after relabeling

we get

T,= X

PESn

sgn(p) »

n! 1

;1 D’pm" (<01 ¥ lP’p(:)"' l‘le(n)

& (Bg,...Bg,) lay

—(U=1)Ap, 1 <O ¥, - ¥y oy S (Br, - B, ) @] (29)
With the formula
n 1
> (x—1)...(x—r)= nn—1)...(n—r) (30)
x=1 r+1
we obtain from (29)
sgn(p)
Ti= 3 =D, [1<01 %%, .. %, & (By,... By ) |2
pes, n! P P
—%n(n—l)A,m),. 0¥, ¥, L Bk, --Bg,) | a)]. (31)
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The evaluation of T, runs along the same lines as the evaluation of T;. The result is

D) ok 0] 8, ¥,

! p(1) P "

L= %

PESH

¥, Bk & (Bg,...Bg,) |ay

—snm—1)4,,,<0|¥,,... 1,,, Bx S (Bx,..Bx)|a)]. (32)

P33 p(n)

We turn to the evaluation of T;. By repeated anticommutations we shift ¥y, , ¥,,, ¥, to the left. Then, after
relabeling and making use of (30), we have

M UM1M2M3

Ipy

=%

peS, n!

—3n(n-1) Ap, v, <01 Y, Y, W

(<01 ¥, Yot Yot W1, - B, o0 & (B, --- By,) @)

(2" p(n)

¥, ., S By,...Bg)la)

P(3°

+ n(n_ 1)("—2) Alp(z)Ml Alp(g)Mg <0| .IIMz ql’p(4)”' Y’I y(Bxl * "BKn) |a>

p(n)

+ =) (=2)(1—3) Ay, o u, A1, o0 Aty s OV ¥y ¥y & By, Bi) 12D (33)

The evaluation of T, is analogous to the evaluation of T; and T,. By repeated commutations we shift By. to
the left. With the help of (30) we obtain after relabeling

1
Ti= X% — Lg, .k [m<0| L (¥,...¥,) B B, ,,--- Bx,,., |@)

peS, M:

+imm—1)Cy, , x <O| L(H,... %) By, --- Bk, |a)]. (34)

*FKpm)
We now discuss the term Ts. Anticommuting ¥, , ¥, to the left, relabeling and making use of (30), yields

sgn(p) 1
T,= Y ) mjﬁl(’zz [m<0| ¥y, P, Wz,,m---'Pzp(,.)Bx,,(,,---Bx,,(,,.,|a>

peS, n! neSm

+2nmA; o Ol U, W Y By |a) (35)

~nin—1)m Ay s, Ar, it Ol ¥y 65 Fyvo By = B 1821 -

By,

p(2"" 7 (m)

With (31), (32), (33), (34), and (35) we have brought the right hand side of (28) into standard form, i.e., all
operators which are not antisymmetrized or symmetrised, respectively, are shifted to the left.

The next step is to decompose this standard representation into a sum of matrixelements of the form (27).
This decomposition can be described in a compact and concise manner by means of functional equations. We
introduce the functional sources j;, by and their duals ,, 8%, which are defined by their anticommutation or
commutation relations, respectively,

Urjrl+=0, L 0p1s =64y
[bK’ bK']- = 0! [ab ’ bK‘]— = 5KK' s (36)

while all other commutators vanish. For a complete algebraic treatment we have to introduce a functional
space. This can be done by defining a Fock space structure with respect to the sources {j,, bx} with a
corresponding source vacuum |0)p:

6I|0>F=all’(|0>F=F<0|jl=F<0|bK=0' (37

It should be noted that this construction is not in conflict with algebraic representation theory of the original
fields. Rather it is only a means for a compact and precise formulation of their algebraic properties.
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We substitute (31), (32), (33), (34), and (35) into (28) and (28) into (27), multiply from the right with

in

imim

l . .

ﬁjll..']lnbkl'..bxm|0>p (38)
n!'m!

and perform the summation over n, m from 0 to co. Then we get after relabeling

AE|%(j, b,a) =iDyy ji 1%y (. b, @)> + 3 Dy y A,y 1, g, |90 b, @ + iWy iy, |97 (i b, @)

3j

LW, Apy Ju, 1, 195G, b, @) + TUMY 5, [ 190,00, G, b, @) —

Al'Ml jr |gM2,M3(j, b, a))

. - . l . . . .
—Apm, Army I 19u, Us b, a)) — 2 Apm, Arm, A, J1,Jn, i, |%(j, b, a)>:|
+ibg Lk |9%(j, b, a)) — 3 Ly,x Cxox by, bx, 1% (), b, @)> (39)

F U by 1930, 20,0 b, @) + 20 Aiag, 11900, b, @) + Aise, Arae, o J2 190, b, ) ],

where we use the definition
: R ; !
|G i Us by @) = Y <01 Y, Yo, ¥, %, B, By, By By | @i, i, by ---bx, 10>
n,m=0 . . (40)
For the further evaluation we prove the following theorem:

Theorem 1. The recursion formula

O Uy A (%,... %) F By, ... By ) |ay = ¥ 2P 1 ["f(—l)“%om B A

b5, n! on+l |5 )’ b

n+1

x &(By,...By )|ad + gl wlagy, o OV B e B (SP(BKI...BK"‘)la>], (1)

which generates the relation between non-antisymmetric standard products and antisymmetric products of field
operators can be expressed by the functional relation

1 ’
|%m (s b, a)) = (7 Oy + ';‘ AMM'jM’) |%(j, b, a)) . (42)

Proof: We use the identity

sgn(p)
3 O By Wy ¥y, F (BB, ) 0D
PESn s
sen(p) 1 ntl
=5 B0 L 01w, ¥, W S By, By |a @3)

peSn n! n+1 /=1

and shift in the summand /=% on the right hand side of (43) the operator ¥,, by repeated anticommutations
in the position x, i.e. to

{01 B, s By Pt P o B

C T px-1)

¥ (By,...Bx,)|a) .

p(n)

After relabeling we get (41).
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If we multiply (41) from the right with

1 )
Jry--Jr, bx, - bk, [0)F,

n!m!
we obtain, with the use of (30) and after relabeling, (42). <

The relation between non-symmetric standard products and symmetric products of boson field operators is
given by

Theorem 2.

1 .
|9%(j, b, a)) = (7 Ok + 31 Crx bx'> |90, b, a)) . (44)

Proof: The proof is analogous to the proof of Theorem 1 and will be omitted for brevity. <

Theorem 3. For the general state (40) the relation

1 i ) 1 i .
|g§x.'.'.'j{‘,(js b,a)) = (‘l' Oy, + 5 Ap,om: ]M;.) .. (T Oy, + 5 Apomy ]Mi)

1 ' 1 '
. (7 & + % - bx;> (T &+ % - b,“> 1%(j, b, a)) 45)

holds.
Proof: Repeated application of Theorem 1 and Theorem 2. <
With the help of Theorem 3 we can rearrange (39) and obtain
AE |90, b,0)> = [jsDyy 31— 1 Wik oy 04t s Wi Coe b
+j UMMM, 8y Opg,— % Apor, Argr, 1y dr, Ons) (46)
+ by Lyge %+ iJH™M2 by By, Ort+ Ara, it Orta+ 3 Arse, Araa, i j,,)] 19, b, )} .

In order to derive the above functional equation, we began our calculation with the matrix elements (25). But
we can also start our calculation with matrixelements where the boson operators and the fermion operators are
arrayed in reverse order, i.e. with matrixelements of the form

(0| #(By,...Bx,) 4 (¥,... W) a) . (47)
Then by the same reasoning which leads to (46) we get
AE |90 b,@)) = js Dy = 1] Wi 0y 0% = s Wi e b 0

+ jr UMMM3(0y, Oy, Opg,—  Avar, Arya, Jny i, Omy) (48)

+ by Lgg- 0% + iJg™2 b (Opr, On,— Aryma, i, Onay + 5 Arnay A,,sz,j,,)] |9(j, b, a)) .
with

sn o m

171

|2, b, a)) = §=0 (0| (B, ...Bx,) 4 {¥, ... .} @) ji,-j1. bg, - bk, 10D - (49)

nm=o0 n!m!
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According to (23), the operator ¥, commutes with By, and therefore we have
|9 (j,b,a)y =1%(j, b, a)). (50)

From (50) we infer that the left hand sides of (46) and (48) must be identical. For consistency the right hand
sides must also be identical which, by comparison, leads to the consistency condition

Ckx: VV,’f,z =241, _]’ilz : (1)

Equation (51) relates the anticommutator A;;. and the dynamics with the commutator Cy. of the boson
operators. If we substitute (51) into (46) or (48), respectively, we finally obtain

AE|%(j,b,a))> =[j; Dy 0y —ij; VVIII( oy all’( + by Lgk all’('
+jr UMMM Dy, O, Ony — 5 Antor, Amur, Jrg i, Oy

+ I M2 by (Op, Op, + 3 Arm, Arm, Jr ir)1 193 b, a)) (52)

By projection with

1
imin F<0| al;(mal:(l 61"...6“

we immediately obtain from (52) the equations for the matrix elements (25).

To start calculations which include renormalization we have to substitute (18) into (52). Equation (52) is valid
beyond perturbation theory and is thus suitable for the discussion of general properties of spinor quantum
electrodynamics.

Theorem 4. The consistency equation (51), together with the field dynamics (17), uniquely determines the commu-
tator Cyy .

Proof: If we substitute the expressions for 4,;., WX, and J. into (51), we get

z|z
Jd"'z’C k|K|eqak,, 6(ry—ry)6(ry—2) 03,4, 01,
nln
= = 2 [d(C e 0,0 Oy = 1) 2 B 6(2=1) 8(2=1) (C1Vas, O, O2n- (53)
After performing the summations and integrations, we
obtain z|» Substitution of the field equations (17) into (57) gives
c : I]c =— iR 3(z—ry) Spp O3y - (54) [i% PE () 16 ¥(2) + 4, 4L (2) A{,(r)j|-
If we choose =1, we infer from (54) +[EA(z), EL(P]_=0. (58)
(45 (2), A (r1)]-=0, (35 Hence, with (58), (23) and (55) we obtain
and if we choose n=2, we get (EX (2), Ei(r)]_=0. (59)
[E&(2), A (r)]-=—iR;6(z—r)) O . (56)

Equations (55), (56) and (59) are the well known canon-

The commutator relation between the transversal
parts of the electric field cannot be read off directly
from (51). However, we can deduce it with the help of
(55), (56) and the dynamics. From (56) we obtain

0o [Ex (2), At (ry)) (57)

=[00 Et;(2), Al; (r,)]- + [Ef,(2), 0o At (ry)] - = 0.

ical commutation relations for the boson operators in
Coulomb gauge. We have derived these relations from

the requirement
ao(lPIBx)=ao(BxlI’1), (60)

which, together with (22), (23) and the dynamics lead
to (51). ©
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4. Composite Particle Dynamics

In spinor QED the fermions are commonly identi-
fied with electrons and positrons. Due to decay chan-
nels into gamma quanta no stable boundstates be-
tween electrons and positrons exist, while boundstates
between electrons do not occur due to Coulomb re-
pulsion. On the other hand, boundstates for two kinds
of fermions, for instance baryons and leptons do exist
and can be treated along these lines. For simplicity we
consider the electron positron case. According to the
general scheme of the composite particle dynamics we
introduce boundstates by considering the eigenstates
of the fermionic diagonalpart of the functional energy
equation. As will be demonstrated, for this part the
gamma decay channels are closed and there appear
truly boundstates between electrons and positrons. If
afterwards with these states the weak mapping proce-
dure is performed, this stability is destroyed by inter-
action terms which appear as a consequence of this
weak mapping. Thus the stability is an intermediate
step which is afterwards removed by the theory.
Therefore, in principle the weak mapping theorems
can also be used for the description of decay processes.

Boundstates in terms of generating functionals are
described by corresponding matrix elements. If gener-
ating functionals are decomposed by the rules of ma-
trix mechanics or algebraic theory, respectively, one
obtains correlated and uncorrelated matrix elements.
While the former describe genuine fermion processes,
the latter represent contributions of the vacuum to the
field dynamics. In order to have a “pure” composite
particle theory such vacuum contributions have to be
removed from the beginning. In particular for the
treatment of two-fermion boundstates the uncorre-
lated two-fermion propagators have to be eliminated
from the generating functional. The propagators
which appear in the generating functional are referred
to the physical vacuum, i.e., they are the renormalized
propagators. But the renormalized propagator which
corresponds to the exact solution of the vacuum state
is just (by renormalization definition) the ordinary free
electron-positron propagator with e and m. Thus we
apply the transformation

|9 (i, b, a)> = exp(— 3 ji, Fr,1, jr,) | # (i b, a)y . (61)

where F; |, is the fermion propagator for equal times.
Equation (61) induces the replacement of ¢, in (52) by

d:=0,—Fy, Ji,- (62)

The transformed equation (52) reads
AE | Z(j, b, a))
o= {Dl,lzjl, 512_ ZI,I FrpjnJn—i VVI’I(‘J.I or all’(

+ WS Fipy i, Jr, O+ Lix by Ok
+ Uy, 6y, 01,01,— 3Fy1J1,J1 01,01,
+ (3 Arg Arr+ 3F 0 Frop) Jr, ude O, (63)

— (3 Ara Arr Frop+ Frg Frpe Frope) Ji, e v

+iJY M2 by [0p, Org,— 2Fp,1 Ji1 Om,

+ 3 Ay, A, i} | F G b, @)

where

21,125=—5m72,a2 O4,4,0(ry—ry) (64)
and
|Z (U, b,a)) =X od,...1,,K,...K,|a)

nm=0 m!n!
“Jry---Jr, bg, - bg, |10>p. (65)

According to weak mapping theory we define bound
states to be solutions of the normal-transformed equa-
tion (63) with respect to their fermionic diagonal part.
This diagonal part equation reads (66)

AE' |~9°—>d=(Dn'j1 op—3 UIIf’a“ Fhljlljl 513812) |9—>d,

where m,, and e, are replaced by (18) and all counter-
term expressions with dm and de are excluded from
(66).

The set of solutions (66) can be assumed to be a
complete set in R3" (n=1,...), i.e., they describe all
possible n-fermion states. In particular we denote the
set of two-particle solutions by

{1207 = G ji, j1, 100} - (67)

This set contains bound states as well as scattering
states. In spite of the completeness, it is, however, in
general not an orthogonal set since the eigenvalue
equation (66) is not a Schrodinger equation and the
solutions {C;''2} in general have not the meaning of
quantum mechanical probability amplitudes. The
non-Schrédinger properties of the set {C;*'2} are of no
relevance for the weak mapping theorem. It suffices to
introduce a dual set {Rj} , } which is defined by the
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orthogonality and completeness relations

1 ki Cchlz —
5 X Rpy, Cllr =802

112

z R}, Cii'e = (57 61 —

(68)
31 olY).

As the initial set {C}*'2} is explicitly known, the dual
set {R',‘1 1,; can explicitly be constructed.

We now study the functional mapping of (63) for the
simplest case of a transformation to a two-fermion
bound state theory. In order to perform such a map-
ping we have to define a bound state functional
K, k

1
|2, c,a):=3% ——e(K,.. - ko la)

h,n h!n'

'bxl...bxhckl.--cknl0>F, (69)

where the ¢, are independent bosonic sources which
carry the quantum numbers of the two-particle solu-
tions C;!'2, and the relation between (65) and (69) is
given by

oK, ...Kp 1, ...1,,|a)
_ (_1)"(2'1)' {I1, I2n- 1120}
_—4"TC“1 “en Ck"
-o(K,...Ky, ky...k,|a), (70)
where { } = (—1)"/(2n)! permutations. If the set {CI'}

is a complete set, then there is a one-to-one corre-
spondence between the ¢- and the g-coefficients of (65)
and (69). However, in the case of a pure bound state
dynamics we consider by definition only those states
|a) for which the expansion (70) contains only these
bound states and nothing else, i.e. no two-fermion
scattering states which also appear in the complete set
{C"}-

By (70) a mapping between the elementary QED
state functionals (65) and QED fermionic bound state
functionals (69) is established. The consequences of
such a mapping with respect to the functional equa-
tion (63) were formulated by a weak mapping theorem

0
01, 01, 1B (b, c,0)> = — G O 5 - 5

0y, 01, 01, | #(b, ¢, a))
)

; 0
== GGl i 5 5
Cx OCy

6ck
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[6]. This theorem was proven for a pure spinor theory,
but the proof can be taken over to QED without any
modifications as far as fermionic bound states are con-
sidered.

In its full length the weak mapping theorem con-
tains all exchange effects of the bound states which are
due to their fermionic substructure. In order to reduce
these rather lengthy expressions, in [10] a short-cut
calculation was given which leads to a better manage-
able version of the theory. It was demonstrated in [6]
that this short-cut calculation can be justified if the
bound state wave functions are highly concentrated.
However, the corresponding estimates are rather com-
plicated and should be completed by other criteria.
For instance, one should expect that for low densities
of the bound states, i.e. in ideal gas approximation for
the composite particles, exchange effects can be ne-
glected. Although this criterion has not yet been inves-
tigated, we assume that in quantum electrodynamics
of bound states there exist experimental situations
where it can be realized. Hence, for a first draft of
composite particle theory in quantum electrodynamics,
for brevity we ignore exchange effects in the following
and apply the short-cut calculation technique of [10],
which was the first approach to weak mapping.

According to [10] we have to make the identifica-
tion

|#(b,c,a))=|F(j,b a), (71)
which implies
c=C jiir (72)

i.e., in the short-cut approach the sources j;, ¢, are not
considered to be independent. With (71) and (72) we

can work out the functional derivative
011 Z (j,b,a)) =0,|%8(b, c,a)), (73)

which yields by direct calculation the functional chain
rule

0
all |'@(ba ¢, a)>=C£lIJI(ST|£(b, c, a)>7 (74)
k

where 6/dc, is the dual of c,.
Successive application of (74) yields
|8 (b, c,a)), (75)

(76)
Iﬂ (b, c, a)) .

5_
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With (71), (74), (75), (76) and the relations

. . _ pk . - - . pk k2
JrJn,=Run, ¢ Jninini,=Ryur, R:,;.) Cky Ck,

(77)

we can map the functional equation (63) for | #(j, b, a)) onto a functional equation for the functional state

|2 (b, c, a)). The result is

AE | (b, ¢, a)) = {R’;',,, Dy Ci" ey 5~
k

- pk K b b NN k k 11 (LI (1"
+ iRy Wi Fppe €4 Og + by Lgg: O + Up 2> [Rull: RI'ZI"),,Ckz Ce™ G

ky I214 ~IsI°
— 3Ry G G a5
C, OCy

ki pk Ing
+@F Fyp+3 A1, ALr) Ry Ry, GO o,

. pII’ 1 k k rn;
+iJg by |:z AprAnr Ry, oc— 2R1,12 F,C % a

P
I'ly ~II,
Cih iy, —

— RM kA
oc;, Ocy

1,1, k Sc

Apart from exchange effects, (78) is strictly valid
without any reference to perturbation theory.

In order to properly renormalize the bound state
theory we bring perturbation theory into play by
treating all bound state—bound state interactions
nonperturbatively, but use perturbation theory for the
interaction of the transversal electromagnetic field
with the bound states. In this way the contradiction
between nonperturbative functional equations and
perturbative renormalization is removed. It remains
to give a comment with respect to renormalization for
bound states:

This question is concerned with the determination
of the values of the counterterms dm and Je if we apply
the weak mapping procedure, i.e. transform quantum
electrodynamics into a bound state dynamics. Primar-
ily, counterterms arise from the renormalization of
free electron (positron) mass and charge. Additionally,
they are destined to remove all divergencies from the
theory under consideration. As in the renormalized
equations the empirical mass m and charge e are fixed,
it follows that the counterterms are uniquely deter-
mined by the condition that the calculation of the
selfenergy and electromagnetic coupling constant of
the dressed electron (and positron) may not alter the
original empirical values of m and e; i.e. dm and de
have to compensate all expressions which would

k : Rk K ~1I'r”
~ B Z Fop oo — iR WE CF

4 0 k k II" ~I31”
1 2 2 3
— +3R% R, F  Ci Cil ¢

Ckz oc
k

+ ij} | B(b,c,a)>.

c,‘g’a';( (78)
. s 5 5

k%2 e, Seye 0y

P

0
ky I31;5
¢, — — —3R',F,;C,*¢c,. —
ks Ck T k
' b Ocy Tk " Hal R ' dcy

1 ki pk
— (Fra Fryr+ 5410 Arr) Fre Ry Ry, G, Ckz:l

oc,

change these empirical values. It is part of the renor-
malization theory of quantum electrodynamics that
simultaneously by this condition also all infinities
from the interaction representation are removed.
Now we consider weak mapping. For instance, we
assume a mapping by the two-fermion states

= JC;‘(' ‘ : )jz,(r)jzz(r’) d*rd’, (79
2
v

Z.\|Z
where {Ck <Zr 7
3 2

plete set of two-fermion wave functions. Among this
set we have (Coulomb problem!) bound state and
scattering state solutions. The scattering state
solutions have ingoing or outgoing free electrons
(positrons). By dressing these particles with vacuum-
and radiative-corrections we have the same situation
as in the case of the interaction representation: The
counterterms have to compensate all terms which
would alter the already used empirical values m and e.
In this way we see that also in the bound state repre-
sentation the counterterms dm and de are already
fixed by the interaction representation. This means
that there is no freedom with respect to bound states
for a renewed adaption of the counterterms, as bound

) k = quantum number} is a com-
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states and scattering states occur in one map. On the
other hand it must be guaranteed that by this choice
for ém and de also the radiative correction singulari-
ties for bound states are compensated. This is not
selfevident. However, if this should not be the case,
there is no escape of the conclusion that renormaliza-
tion cannot be applied to bound state problems.

In the literature it is demonstrated for hydrogen
bound states that this procedure indeed works [11],
and for one-electron bound states the Furry picture
[12] is used for renormalization. A general proof of
renormalizability for bound states, however, seems
not to be available.

Let us give an argument that renormalizability may
also work in the general case. The argument depends
crucially on the possibility of a Hamiltonian, i.e. a
Schrodinger representation of quantum electrodynam-
ics. For this representation it suffices to consider all
states in a one-time representation which is used as the
basis for the weak mapping procedure. In this repre-
sentation for instance (79) can be resolved into a
Fourier series

r|r ~ (P
C =
k<zl Zz) J‘Ck <Zl

’

p
Z,

)e—ipr —ip'r d3p d3 /,
(80)
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