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Without use of pathintegral formalism a composite particle effective dynamics is developed for 
spinor quantum electrodynamics. By algebraic evaluation of spinor quantum electrodynamics in 
Coulomb gauge a corresponding functional equation is derived. The commutation rules for the 
transversal electromagnetic field can be deduced as a consequence of this formalism. By application 
of weak mapping theorems the Q E D functional equation can be mapped onto a functional equation 
for composite particles with mutual interaction and interaction with the electromagnetic field. The 
formalism is demonstrated for positronium states. The incorporation of renormalization into this 
scheme is verified. 

PACS 12.20: Quantum electrodynamics. 

1. Introduction 

Atoms and molecules in q u a n t u m electrodynamics, 
and nuclei and mesons in q u a n t u m ch romodynamics 
are considered as composi te particles built up of ele-
mentary leptons, baryons or quarks . Hence the s tudy 
of the format ion of composi te particles and the deriva-
tion of their corresponding effective dynamics have to 
be some of the basic aims of abelian and nonabel ian 
gauge theories with respect to their applicat ion to 
atomic and nuclear physics. In the course of the eval-
uation of these theories numerous investigations were 
made abou t the format ion of b o u n d states by means 
of Bethe-Salpeter equat ions and Schrödinger equa-
tions [1], and the effective dynamics were studied by 
Fock space methods [2] or pa th integral evaluat ion 
[3]. Summariz ing the results of these investigations 
one observes the following d rawbacks : 

i) the b o u n d state calculations are in general no t 
related to a corresponding effective dynamics ; 

ii) the Fock space methods are in contradic t ion to 
algebraic representat ion theory of q u a n t u m fields 
[4]; 

iii) pa th integrals imply concept ional as well as tech-
nical difficulties, in par t icular with respect to effec-
tive dynamics for composi te particles [5]. 

To avoid these drawbacks , in previous papers a 
composite particle theory was developed which is 
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strictly based on the algebraic propert ies of q u a n t u m 
fields. O n e of the main ingredients of this theory is the 
weak mapping method which can be rigorously for-
mulated by weak mapping theorems [6]. This me thod 
uses generating state functionals which can be defined 
by means of the field algebra. F o r every algebraic state 
on the field algebra there exists at least one regular 
cyclic representat ion in Hilbert space. The basis vec-
tors of this representation are obtained by the applica-
tion of symmetrized or antisymmetrized monomia l s of 
field opera tors on this cyclic Hilbert space vector 
(G.N.S.-construction). Genera t ing state funct ionals 
are then defined as the set of project ions of an arbi-
trary but fixed energy eigenstate in Hilbert space on 
these G.N.S.-basis vectors. Fur thermore , f rom the 
original Heisenberg dynamics of the q u a n t u m fields 
corresponding functional equat ions for these state 
functionals can be derived. Weak mapp ing is then 
introduced by a reordering of such generat ing state 
functionals according to certain b o u n d state struc-
tures. As a result one obtains ano ther state funct ional 
which is by definition the image of the weak mapp ing 
operator . Since the funct ional field equat ions may be 
viewed as operators acting on the set of generat ing 
state functionals, by weak mapp ing these opera tors 
are simultaneously t ransformed with the states, and 
this yields new functional field equat ions which are 
considered as the algebraic description of the effective 
dynamics of composite particles in q u a n t u m field 
theory. 

So far, weak mapping was confined to the t rea tment 
of fully regularized q u an tu m field theories, i.e., singu-
larities of the q u an tu m fields and their subsequent 
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renormal izat ion were excluded. In this paper we 
extend the weak mapping formalism to the case of 
renormalizable q u a n t u m field theories. We first exem-
plify this t rea tment for the most simple model of a 
gauge theory, namely spinor q u a n t u m electrodynam-
ics. In for thcoming papers we will proceed to the treat-
ment of nonabel ian gauge theories. 

In the algebraic formulat ion of the quan tum field 
dynamics the t ime evolution of the quan tum fields is 
assumed to be a one-parameter au tomorph i sm group 
of the field algebra. This kind of description of quan-
tum fields is closely related to the Hami l ton formalism 
which is not manifestly invariant, or covariant, respec-
tively. In order to adap t spinor q u a n t u m electrody-
namics to this formalism, we cannot use a covariant 
gauge with superf luous field variables. Rather we have 
to apply a noncovar ian t gauge with a minimal num-
ber of physical field variables, and for spinor quan tu m 
electrodynamics the C o u l o m b gauge seems to be the 
most appropr ia te one. Al though the Cou lomb gauge 
is a noncovar ian t gauge, it was recently demonst ra ted 
that it is inherently relativistic invariant even in non-
abelian theories [7]. We therefore conclude that effec-
tive dynamics derived in C o u l o m b gauge and Hamil-
ton formalism will be inherently relativistic invariant, 
too, but we will not explicitly prove this property here. 

2. Spinor Electrodynamics in Coulomb Gauge 

The bare Lagrangian density of spinor electrody-
namics reads 

- i + -2 d j - i ( d j ) y"<A) 

with 

^ I V ^ H ^ V ÖyA^ 

CD 

(2) 

and m0 and e0 the bare fermion mass and charge. 
According to Sect. 1 we treat spinor electrodynamics 
in a non-covar iant gauge. With respect to composi te 
particle dynamics under all non-covariant gauges the 
C o u l o m b gauge is definitely distinguished, as in this 
gauge the basic binding force between charged 
fermions, i.e., the C o u l o m b force or its potential, re-
spectively, explicitly appears in the Hamil tonian. Fur -
thermore, we can work in this gauge with a minimal 
number of physical field variables, which enables us to 
define consistent field quant iza t ion rules and to pre-
vent the admixture of unphysical states to physical 
bound states. 

F o r the algebraic t rea tment we need the corre-
sponding field equat ions. If we combine ij/ and its 
charge conjuga ted field ipc into a superspinor field f 
defined by 

0 , if A = 1 
V« A - I * r j -CA 9 ' C:=iy2y°, (3) 

IK = C*ß l f A = 2 

we get f rom (1) 

dvF"v + - y - ¥Cy>1G2Y = 0, (4) 

(iyfldll-mo)V + eoAßy»<T3V = 0, (5) 

where the Paul i matrices aß act on the index A. 
In addi t ion, the algebraic t rea tment and the Hamil -

ton formal ism need a formula t ion of the field equa-
tions in terms of canonically conjugate variables, in 
part icular with respect to the electromagnetic field. 
We therefore in t roduce Ek := F0k into the above field 
equations. Equat ions (4) and (5) can then be rewritten as 

id 0V = - (iock d k - ß m 0 ) V - e0y0y"Aßo3 V , 

id0Ek = - i e0VCykc2V + i{d} dk Aj - djdjAk), (6) 

id0Ak = iEk -idkA°, 

ak£k = - i y VCy°o2V. 

We now impose the gauge condit ion 

dkAk = 0 (7) 

and decompose Ek and Ak into transversal and longi-
tudinal par t s : Ek = Ek

T+ E'l,Ak = Ak
{1 + A\. 

The decomposi t ion is per formed by the application 
of project ion opera tors 

PtI:= 1 - A ' 1 ? <g> V •, Pt = \ ® W • (8) 

with PUV = Vtr and P, V = Vx. Fu r the rmore it is 

V - VtI = 0, V x ^ = 0 (9) 

for any vector V. In part icular , f rom the gauge condi-
tion it follows At = P,A = 0, i.e. A = Alr. 

Applying the project ion opera tors Plr and f j to (6), 
we obta in the following set of equat ions 

id0V =-(iakdk-ßm0)lP-e0A0a3lf/ 

+ e0ockAk
ra3 V, (10) 

id0Ek
u = ~Pu~ VCykc2V + iAAk

u, (11) 
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id0Ak
T = iEk

tT, 

id0Ek = - i > ^ - < F C y k < x 2 « F , 

Ek = dkA°, 

dkEk = -i^-VCy°o2V. 

(12) 

(13) 

(14) 

(15) 

If we observe current conservat ion it tu rns out tha t 
(13) depends linearly on (15). Hence in the following 
we can omit (13). Subst i tu t ion of (14) in to (15) with 
appropr ia te boundary condi t ions yields 

A0 = --e0A~llPCy0a2^ . (16) 

By this equat ion, (14) and (15) are satisfied and we can 
replace (14) and (15) by (16). Finally we subst i tute (16) 
into the spinorial equa t ions (10). Therefore, f rom (6) 
the following set of independent equat ions remains: 

id0V = -(i«kdk-ßm0)V 

+ ^ e%(A~1 Cy°a2 V)a3<F + e0 ak Ak
r er3 f , 

id0Ek
r= - Ptr-j- VCyk tr3 V + iAAk

r, 

id0Ak
r= iEk

r. 

(17) 

In these equat ions all superf luous field variables are 
eliminated in favour of a minimal set of independent 
field variables, namely £ * , Ak

T. 
With regard to subsequent quant iza t ion and re-

normal izat ion we have to supplement the classical 
Lagrangian by the cor responding counter terms, and 
therefore we have to correct the dynamical equa t ion 
(17), too. 

Usually, renormal izat ion is per formed by means of 
multiplicative Z-factors for fields and charge. It can, 
however, be proven tha t this multiplicative renormal -
ization can be t ransformed into a mass and charge 
renormalizat ion [8], This gives 

m0=m — öm; e0= e — be, (18) 

where m is the observed mass and e the observed 
charge of the fermion, and 5m and be are the only 
counter terms of the theory. As the renormal iza t ion 
can be performed in any gauge, this result mus t hold 
in the C o u l o m b gauge and we can subst i tute (18) into 
(17) wi thout any difficulty. 

In general, renormalizat ion is properly defined only 
in per turba t ion theory. O n the other hand we rejected 
per turba t ion theory as an inadequate means to treat 
composi te particle dynamics. H o w this difficulty can 
be resolved will be seen in the following section. In any 
case, as a first step we need a per tu rba t ion indepen-
dent algebraic scheme to treat spinor Q E D . 

To perform such an algebraic t rea tment it is con-
venient to introduce some abbreviat ions. First we in-
t roduce an addit ional index rj to combine the fields 
Ek

t, Ak
r into a superfield 

BK:= 
K 
Ek 

if r\ = 1 

if rj = 2 
(19) 

The vector fields are then characterized by the argu-
ments {r, k, rj}, while the spinor field has the argu-
ments {r, a, A}. F o r bo th kinds of a rguments we 
symbolically use only one index K := {z, k, rj} or 
/ := {r, a, A}, respectively. With these abbrevia t ions 
(17) can be symbolically rewritten as 

I W I = DIR W« BK Wr+ {PIi <F,3, 

id0BK= LKK.BK.+ JK' 

with 

(20) 

DIR := - (IAK 8 K - ß m0)aa- 3 ( r - r') BAA., 

W« := e0 ock
a. ö(r - r') 6 ( r - z ) ölt, <J3aa, , 

1 7 / 1 / 2 / 3 : = " 8 ^ e2° f C y 0 ) ^ (21) 

k - ' l l J a s ( 1 2 3 ) 

Lkk. := iö(z — z')ökk.(5,!ö2„. + iAxö(z-z')ökk.bn2Sw, 

:= - \ e0P* ö(z-ri) ö(z-r2)(Cyk)aiX2 S2„a2
iA2, 

where all symbolic opera tors are formula ted as inte-
gral kernels with summat ion convention, aside f rom 
P* which means the action of Pxr on the subsequent 
expression with free index z. 

3. Quantization of Spinor Electrodynamics 

We turn to the quant iza t ion of (20). Wi th respect to 
the fermion field we impose the canonical equal t ime 
an t icommuta t ion relation ^ 2 ) 

lal; AIll2=(Cy°)aia2cr\lA2ö(r!—r2). 
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Fu r the rmore we assume for equal times t 

[BK, = 0 , (23) 

[BKL,BK2V_ = CKLK2T, ( 2 4 ) 

where CKI KL has to be a purely imaginary antisymmet-
ric genera l izedc-number function, i.e. CK K2 = — CKIKI. 

Usually, the special form of C K i K i is postulated by 
means of the canonical quant iza t ion procedure. How- following. 

We require the states |0>, |a>, which are characterized 
by a complete set of q u a n t u m numbers , to be eigen-
states of H. Then we obta in f rom (26) 

A £ <01 si (VTL... « F J , y(BKL... BKJ, I a ) 

= id, < 0 | si(VTL... 1 P J , Si{BKL... BKJ, | a > . ( 2 7 ) 

For brevity we suppress the index t in (25) in the 

With the help of (20) we can evaluate the right hand ever, as will be seen below, CKIKL is uniquely deter-
mined f rom the field equat ions (20) and the fermion side of (27): 
an t i commuta to r (22) by the requirement of a consis- -a / m „//»» w \ c ? m n \ i \ 

1 »T 1 -r 1 l \ U S» ( If . . . If I* C7 [ Dy; . . . D p ) \ CI / 

tent q u a n t u m theory. Hence, we do not specify the 1 " 1 

form of the c o m m u t a t o r CKLK f rom the beginning, = £ 
ra ther it will come out as a result of our calculation. /=i 

In the algebraic formulat ion of quan tum field theory n 

[9] the q u a n t u m states | a) of our system can be char- + £ <0| J*(YIl...(WI*I.Wl.)...,PIt)BKSr{BKl...BKJ\a) 
acterized by the set of matr ixelements for equal times t 1 = 1 

(28) 

< 0 | J / O P , , . • • %N)T <?(BKI ... BKJT I a ) , ( 2 5 ) 

n,m= 1 . . . o o . 

The opera to r stf ant isymmetrizes the product of field 
opera tors l P I i . . . l Fj n with respect to the indices 1 , . . . , « , 
whereas the opera tor Sf symmetrizes the boson oper-
ators with respect to the indices 1 , . . . , m . Therefore, 
we have to establish an equat ion which allows, at least 
in principle, the de terminat ion of the matrixelements 
(25). If we assume the existence of a Hamil tonian oper-
a tor H, we have the following Heisenberg equat ion: 

+ Z < 0 1 . . . f M l vM2 v M i ) . . . y j 

• £F(BKI...BKM) |A) 
m 

+ Z <01 si («F,,... % J Si(BKL... (LKIK, BK.) ... BKJ I a) 
i= l 

m 

+ Z <0\j*(v I l...vdvMi ' rM i 
i=i 

• y(BKi...BKL_LJFRM>BKi + 1...BKJ\a> 

=: TL + T2 + T3 + T^+T5. 

i d T S / ( V I I . . . V I n ) t y ( B K I . . . B K J t 

In order to get an equa t ion for the matrixelements (25) 
we have to represent the right h a n d side of (28) as a 

= [C/(f *F ) SF(B B ) H ] (26) ü n e a r combina t ion of the matr ixelements (25). As a 
first step in this direction we t rans form the expressions 
T 1 , . . . , T5 into a s tandard representat ion. 

We begin with the evaluat ion of . By repeated an t icommuta t ions we shift f r to the left, an d after relabeling 
we get 

sgn (p) £ 

i= t 
T,= Z 

peS„ n 

With the formula 

Z DIRWI. [<0| VLPM... 9>(BKI... BKJ I a ) 

- ( / - 1 ) A . R <0| V. . . . V. #>(BK,.. BKJ I A>]. (29) 

Z (*-l)...(x-r) = — -
x= i r +1 

n (n — 1) . . . (n — r) (30) 

we obta in from (29) 

T:= Z 
sgn(p) 

pesn ni 
, D h w l . [n <01 T J p W . . . <?(BKI... BKN) \ a} 

(31) 
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The evaluation of T2 runs along the same lines as the evaluat ion of Ti . The result is 

T2= I ?^WIli)I.[n<0\VVip(2)...%pin)BKy(BKi...BKJ\a) 
peS„ 

n ( n - l ) AIpi2)I. <01 ! P W . . VIp(n) BK <?(BK,.. BKJ \ a>]. (32) 

We turn to the evaluat ion of T3. By repeated an t i commuta t ions we shift XPMI, f M 2 , XPMI to the left. Then, after 
relabeling and making use of (30), we have 

peSn " • 

- ! » ( » - ! ) AHMML < 0 1 VML VM3 % P 0 ) . . . <?(BKI . . . B J I a ) 

+ n(n-l)(n-2)AIp(2)MiAIp(3)M3 <0| VM2 <FIp(4)... VIp(n) £f(BKI...BKN) |a> 

+ 3<0\VIp{5)...VIp(n)y(BKI...BKn)\a>]. (33) 

The evaluation of T4 is ana logous to the evaluat ion of TL and T2. By repeated commuta t ions we shift BK to 
the left. With the help of (30) we obta in after relabeling 

T4= I LKpii)K.[m(0\s/^II...%N)BK.BKP(2)...BKp(m)\ay 
peSm 

+ \m(m-1) C K p ( 2 ) j r <01 sf(Vti... f J BKp{3)... BKp[m) \ a>]. (34) 

We now discuss the term T5. Ant icommut ing f M i , XPMI to the left, relabeling and making use of (30), yields 

TC = y S g n ^ y — J¥LM2 [ m < 0 | <PM f w % BK ...BK | a > 5 o h ! ~ m l *"( ') ' M l j M 2 V p d ) ' " 1 / , ( » ) % ( 2 ) , " % W I " / 
peSn it 6 S m " » • 

+ 2 n m ^ / p ( i ) M i <01 ^ 2 «P / j )(2)... «F,p(n) Bk„ (2 ) . . . B*„(m) | a ) (35) 

- n ( n - 1 ) m A / p ( t ) M i A , p ( 2 ) M 2 <01 «P,p(3)... f / p ( n ) B K j t ( 2 ) . . . | a> ] . 

With (31), (32), (33), (34), and (35) we have b rough t the right hand side of (28) into s tandard form, i.e., all 
operators which are not ant isymmetrized or symmetrised, respectively, are shifted to the left. 

The next step is to decompose this s t andard representat ion into a sum of matrixelements of the form (27). 
This decomposi t ion can be described in a compact and concise manner by means of funct ional equat ions. We 
introduce the funct ional sources jT, bK and their duals dj, db

K, which are defined by their an t i commuta t ion or 
commuta t ion relations, respectively, 

UiJrU = 0 , [jI,dI]+ = öir 

[bK,bK.]_ = 0 , = (36) 

while all other commuta to r s vanish. F o r a complete algebraic t reatment we have to introduce a funct ional 
space. This can be done by defining a Fock space s t ructure with respect to the sources {jj,bK} with a 
corresponding source vacuum | 0 ) f : 

8j 10>f = db
K 10>f = F<01 j, = f <01 bK = 0 . (37) 

It should be noted that this construct ion is not in conflict with algebraic representation theory of the original 
fields. Rather it is only a means for a compact and precise formulat ion of their algebraic properties. 
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We substi tute (31), (32), (33), (34), and (35) into (28) and (28) into (27), multiply f rom the right with 

in r 

nl ml 
(38) 

and perform the summat ion over n, m f rom 0 to oo. Then we get after relabeling 

AE \9(j, b, a)> = iDirjt\9rU, b, a)> + j DIlt AIlt JjJjJ&U, b, a)> + i W«, jIi \ 9 f { j , b, a)> 

+ \ K I A I 2 I J I J I 2
b > fl)> + iVrM2Miii [ \ 9 M L M 2 M A U , b, A)> - ^ Ä R M L jr I ^ . ^ O f , b, A)> 

h j i 2 b, a)) - ~ A j jiJiJi3\V(j, b, a)> 

+ i & r b, a)> - § LKiJC CKiK bKl bKl\<${j, b, a)> (39) 

+ bK \yMl<M2(j, b, fl)> + 2M/J#1 j , \$M2(j, b, a)) + ji Jr I ^CA b, a)>], 

where we use the definition 

oo j" jm 

;••[ M
s
r(;, b, a)) := I 

n,m = 0 n\ ml 

F o r the fur ther evaluat ion we prove the following theorem: 

(40) 

Theorem 1. The recursion formula 

<0\rM*/(VIl...VIn)y(BKi...BKJ\a>= I 
P«=sn "! n + 1 

z ( - i r ^ o i ^ , . . . ^ ^ , . . . ^ 

X . . . BKJ I a ) + "i;1 x ^ / F ( l l <01 < P , . . . 9/ , • • • J | a) 
x= 1 

(41) 

which generates the relation between non-antisymmetric standard products and antisymmetric products of field 
operators can be expressed by the functional relation 

b, a)) = ( j 8m + j AMM.jM. ) \9V, b, a)) . (42) 

Proof: We use the identity 

sgn (p) z 
peSn n 

<01 VMVIpm...Vlp(n)y(BKi...BKJ\a} 

sgn(p) 1 n + 1 
S 7 Z < 0 1 V M V i p m . . . V I r W S T ( B K l . . . B K J \ a y (43) 

jes„ n! n+i i=i 

and shift in the summand / = x on the right hand side of (43) the opera to r f M by repeated an t icommuta t ions 
in the posit ion x, i.e. to 

<01 • • • ^M • • • « U , P(BKl... BKJ I a) . 

After relabeling we get (41). 
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If we multiply (41) f rom the right with 

r im 

n\ ml 

we obtain, with the use of (30) and after relabeling, (42). O 

The relat ion between non-symmetr ic s t anda rd p roduc t s and symmetric products of boson field opera tors is 
given by 

| ^ { j , b, a)> = ( - db
K + ^ CKK. bK. ) b, a)> . (44) 

Theorem 2, 

L / , M ) > = ( . . 2 

Proof: The proof is ana logous to the proof of Theorem 1 and will be omitted for brevity. O 

Theorem 3. For the general state (40) the relation 

i b, a)> = 0 - + x- AMrM. ... 0 dMi + ~ Am iM1 JM[J 

• ( - + T Q.x; b K ) . . . ( - db
Ki + ± CKiK, b K ) \<Z(j, b, a)> (45) 

holds. 

Proof: Repeated appl icat ion of Theorem 1 and Theorem 2. O 

With the help of Theorem 3 we can rear range (39) and obtain 

A E I * a b, a)} = [ j , Dn. 8r - i j , W* dr db
K + j j , W* CKK. bK. dr 

+ JI UrM>M>(dMl dM2dM3-i AM2L2 AMiIi jl2jIt 8m) (46) 

+ bK Lkk. db
K. + i J ^ bK(dMi EM2+Al2MJl2 8M2 + i AIMI ArMjJr)] b, A)> . 

In order to derive the above funct ional equat ion, we began our calculation with the matr ix elements (25). But 
we can also start our calculation with matr ixelements where the boson opera tors and the fermion opera tors are 
arrayed in reverse order, i.e. with matr ixelements of the form 

<01 <?(BKI ... BKJ ^ ( ^ . . . < F J | a ) . (47) 

Ji Dir dr ~ iji W* dr db
K - j j j W* CKK. bK. dr 

Then by the same reasoning which leads to (46) we get 

AE\$(j,b, a)> = L 

+ JI UriMiM3(dMl dM2 8m3 - i AM2L2 AMiIi jl2jh dMy) (48) 

+ BK Lkk. db
K.+ bK(dMi dM2- Al2MJl2 8M2+\ AIMi A ^ J m ] | # ( / , b, A)> . 

|#0',M)>:= £ -^<0\y{BKl...BKm)rf{VIl...VIn}\a>jIi...jInbKl...bKm\0>F. (49) 
n ,m = o n l m l 
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According to (23), the opera tor commutes with BK, and therefore we have 

| # U , M ) > = I W , M ) > . (50) 

F r o m (50) we infer that the left hand sides of (46) and (48) mus t be identical. Fo r consistency the right hand 
sides must also be identical which, by comparison, leads to the consistency condit ion 

C k k K i 2 = 2 A I i I J ^ . (51) 

Equa t ion (51) relates the an t i commuta to r Air and the dynamics with the commuta to r CKK of the boson 
opera tors . If we substi tute (51) into (46) or (48), respectively, we finally ob ta in 

AF b, a)> = Lh DIR dr - i j , W* dr db
K + bK LKK. db

K. 

+ jl UjMlM2M3(CMl dMl dMi — J AMl!2 AMiIi jj2 jIl dMJ 

+ iJFlM2bK(dMldM2+\AIMiArMJIjr)]\<Z(j,b,a)>. (52) 
By project ion with 

-^F<0\db
Km...db

Kldln...dIi 

we immediately obta in from (52) the equat ions for the matrix elements (25). 
To start calculations which include renormalizat ion we have to substi tute (18) into (52). Equa t ion (52) is valid 

beyond per turba t ion theory and is thus suitable for the discussion of general properties of spinor q u a n t u m 
electrodynamics. 

Theorem 4. The consistency equation (51), together with the field dynamics (17), uniquely determines the commu-
tator CKK . 

Proof: If we substi tute the expressions for Air, Wfr, and J*. into (51), we get 

< a 2 <5(1-! - r 2 ) - z') o* i A 2 S w 

f. /z z'\ 

d V C k k' 
J 

u ri'l 

= - 2 j d 3 r ( C y \ a o1^ <5(r, - r) ^ P* ö(z-r) ö(z-r2) (Cy\a2 . (53) 

After performing the summat ions and integrations, we 
obta in 

C 
tz rx\ 

k k'\ =-iP*ö{z-rl)ökk.i52, . (54) 

1 1 / 

Subst i tut ion of the field equat ions (17) into (57) gives 

Pt V(z) yko2 W(z) + AzAk
lr(z), A{r(r) 

+ [Ek
r(z),El(r)]- = 0 . (58) 

Hence, with (58), (23) and (55) we obta in 

[Ek
tT(z), E{r(r)]- = o. (59) 

If we choose rj = l, we infer f rom (54) 

[Ak
tI(z), Ak

u(ri)]_ = 0 , 

and if we choose rj — 2, we get 

[EkJz), Ak
r(ri)]_ = -iP* ö ( z - r j Skk. . E q u a t i o n s (55)5 ( 5 6 ) a n d ( 5 9 ) a r e t h e w e l l k n o w n c a n o n -

The c o m m u t a t o r relation between the transversal ical commuta t ion relat ions for the boson operators in 
par ts of the electric field cannot be read off directly C o u l o m b gauge. We have derived these relations f rom 
f rom (51). However , we can deduce it with the help of the requirement 

(55) 

(56) 

(55), (56) and the dynamics. F r o m (56) we obtain 

d0[Ek
r(z),Ak

u(ri)]_ (57) 

= [d0EkJz), 4 r ' M - + [E*(z\ d0Ak
u(ri)]_ = 0 . 

(60) 

which, together with (22), (23) and the dynamics lead 
to (51). O 



773 H. Stumpf et al. • Composite Particle Theory in Quantum Electrodynamics 

4. Composite Particle Dynamics 

In spinor Q E D the fermions are commonly identi-
fied with electrons and posi trons. D u e to decay chan-
nels into g a m m a quan ta no stable bounds ta tes be-
tween electrons and posi t rons exist, while bounds ta tes 
between electrons do not occur due to C o u l o m b re-
pulsion. O n the o ther hand, bounds ta tes for two kinds 
of fermions, for instance ba ryons and leptons do exist 
and can be t reated along these lines. F o r simplicity we 
consider the electron posi t ron case. According to the 
general scheme of the composi te particle dynamics we 
introduce bounds ta tes by considering the eigenstates 
of the fermionic d iagonalpar t of the funct ional energy 
equat ion. As will be demonst ra ted , for this par t the 
gamma decay channels are closed and there appear 
truly bounds ta tes between electrons and positrons. If 
af terwards with these states the weak mapp ing proce-
dure is performed, this stability is destroyed by inter-
action terms which appear as a consequence of this 
weak mapping. Thus the stability is an intermediate 
step which is af terwards removed by the theory. 
Therefore, in principle the weak mapp ing theorems 
can also be used for the description of decay processes. 

Boundstates in terms of generat ing f u n c t i o n a l are 
described by corresponding matr ix elements. If gener-
ating funct ionals are decomposed by the rules of ma-
trix mechanics or algebraic theory, respectively, one 
obtains correlated and uncorrela ted matr ix elements. 
While the former describe genuine fermion processes, 
the latter represent contr ibut ions of the vacuum to the 
field dynamics. In order to have a "pure" composi te 
particle theory such vacuum cont r ibu t ions have to be 
removed f rom the beginning. In par t icular for the 
t reatment of two-fermion bounds ta tes the uncorre-
lated two-fermion propaga tors have to be eliminated 
f rom the generat ing functional . The p ropaga to r s 
which appear in the generating funct ional are referred 
to the physical vacuum, i.e., they are the renormalized 
propagators . But the renormalized p ropaga to r which 
corresponds to the exact solution of the vacuum state 
is just (by renormalizat ion definition) the ordinary free 
electron-positron p ropaga to r with e and m. Thus we 
apply the t ransformat ion 

b, a)> = e x p ( - h 2 ) b , a)} . (61) 

where FIIL2 is the fermion p r o p a g a t o r for equal times. 
Equat ion (61) induces the replacement of 8, in (52) by 

d , •= - F U i . (62) 

The t ransformed equat ion (52) reads 

A £ | J F ( j , b, a)> 

= K / A ZU FnJiJit-i Wu Ji 8r 8K 

+ iKiF,l2j.Ji2
 8k+Lkk. bK 8b

K. 

+ V t f * V i M S i - S F ^ h J , 8l38l2 

+ ( J Al4l Al3l.+ 3 FUI F/j/O j i j i j r d,2 (63) 

- (i AIaI Ahr Fl2l..+ Fl4l Fl3l. F,2l..) j j J j j r j r ] 

+ U^M2bK[dMidM2-2FMiIjj 8M2 

+ i AILML
 a I 2 M 2 j i j i 2 ] } b, a)} , 

where 

ZIll2:=-ömy°aiX2öAiA2ö(r1-r2) (64) 

and 

\^(j,b,a))=: £ -^-cp(Il...In,K1...Km\a) 
n,m = 0 ml nl 

•jtl'-jinbKl...bKm\ 0 > f . (65) 

According to weak mapp ing theory we define b o u n d 
states to be solutions of the normal- t ransformed equa-
tion (63) with respect to their fermionic diagonal par t . 
This diagonal par t equat ion reads 

A F |JF>" = (DJJ.j, 8R - 3 Vi?*1* FIAI J J J , 8L3 8,2) \ 

where m0 and e0 are replaced by (18) and all counter -
term expressions with dm and be are excluded f rom 
(66). 

The set of solutions (66) can be assumed to be a 
complete set in IR3" ( n = l , . . . ) , i.e., they describe all 
possible n-fermion states. In par t icular we denote the 
set of two-particle solutions by 

{ | ^ > d = C ^ ; / l ; / 2 | 0 > f } . (67) 

This set contains bound states as well as scattering 
states. In spite of the completeness, it is, however, in 
general not an o r thogona l set since the eigenvalue 
equat ion (66) is not a Schrödinger equat ion and the 
solutions {Cfcl/2} in general have not the meaning of 
q u an tu m mechanical probabil i ty amplitudes. The 
non-Schrödinger propert ies of the set {Ck

l12} are of no 
relevance for the weak mapp ing theorem. It suffices to 
introduce a dual set {Rk

I l l2} which is defined by the 
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or thogonal i ty and completeness relations 

2 11/2 — 0&2 ' 
/1/2 

(68) 

As the initial set {Ci1*2} is explicitly known, the dual 
set { K ^ / J can explicitly be constructed. 

We now study the funct ional mapp ing of (63) for the 
simplest case of a t ransformat ion to a two-fermion 
b o u n d state theory. In order to perform such a map-
ping we have to define a bound state functional 

I c , a)>:=L 
1 

r* h\n\ 
e(K1...Kh,kl...kn\a) 

bKhckl...ckn\ 0 > f , (69) 

where the ck are independent bosonic sources which 
carry the q u a n t u m numbers of the two-particle solu-
tions Cj[ l /2, an d the relation between (65) and (69) is 
given by 

<p(K1...Kh,I1...I2n\a) 

( - l ) w ( 2 n ) ! 

4" n\ 
c{[il2...ck /2n-l/2n) 

- Q(K1...Kh,k1...kn\a), (70) 

where { } = ( - l ) p / (2n)! permuta t ions . If the set {Ci 1 } 
is a complete set, then there is a one- to-one corre-
spondence between the cp- and the ^-coefficients of (65) 
and (69). However , in the case of a pure bound state 
dynamics we consider by definition only those states 
I a ) for which the expansion (70) contains only these 
b o u n d states and noth ing else, i.e. no two-fermion 
scattering states which also appear in the complete set 

{Ci1'}. 
By (70) a mapp ing between the elementary Q E D 

state funct ionals (65) and Q E D fermionic bound state 
funct ionals (69) is established. The consequences of 
such a mapp ing with respect to the funct ional equa-
tion (63) were formulated by a weak mapp ing theorem 

[6]. This theorem was proven for a pure spinor theory, 
but the proof can be taken over to Q E D wi thout any 
modifications as far as fermionic bound states are con-
sidered. 

In its full length the weak mapp ing theorem con-
tains all exchange effects of the b o u n d states which are 
due to their fermionic substructure . In order to reduce 
these rather lengthy expressions, in [10] a short-cut 
calculation was given which leads to a better manage-
able version of the theory. It was demonst ra ted in [6] 
that this short-cut calculation can be justified if the 
bound state wave funct ions are highly concentrated. 
However, the corresponding estimates are ra ther com-
plicated and should be completed by other criteria. 
Fo r instance, one should expect that for low densities 
of the bound states, i.e. in ideal gas approximat ion for 
the composi te particles, exchange effects can be ne-
glected. Al though this criterion has not yet been inves-
tigated, we assume that in q u a n t u m electrodynamics 
of bound states there exist experimental s i tuat ions 
where it can be realized. Hence, for a first d raf t of 
composite particle theory in q u an tu m electrodynamics, 
for brevity we ignore exchange effects in the following 
and apply the short-cut calculat ion technique of [10], 
which was the first app roach to weak mapping. 

According to [10] we have to make the identifica-
tion 

c, a)> = \ ^ ( j , b, a ) > , (71) 

(72) 

which implies 

Ck — Ck' j j j r 

i.e., in the short-cut app roach the sources j j , ck are not 
considered to be independent . With (71) and (72) we 
can work out the funct ional derivative 

b, a)} = dj c, a)> , (73) 

which yields by direct calculat ion the funct ional chain 
rule 

dh \<*{b, c, a)> = C's'j, 4~ W , c, fl)> , (74) 
öck 

where ö/öck is the dual of ck. 
Successive application of (74) yields 

dl2 dIt \0(b, c, a)> = - Cl11 C ' / ' j j j , . — — c, a ) ) + C'^2 — | £ ( b , c, a)> , 
ÖCi Sc.. Ö cL 

(75) 

di3 dh dlx\&(b, c, a)> 

— — Ck Ck} Ckl j j j j jj• T ~ T ~ T ~ Wik a)> - 3 C1/3 C ' / ' j , Sck Sck• öck.. 

Ö 

öcL 

ö 

ÖCu 

(76) 

\${b, c, a)> 
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With (71), (74), (75), (76) and the relations 

j i j i 2
 = Rkiii2

 Ck ' j i j i 2 j i 3 j i 4 = Rlll4) C*I (77) 

we can m a p the funct ional equat ion (63) for | b, a ) ) on to a functional equat ion for the funct ional state 
l>, c, a)>. The result is 

{ ö d 
Ru »ir Ci'1" ck. — - Rk

ir Zu Frr ck - iR"ir W* C[T ck — d\ 

+ iRk
r W* Frr ck db

K + bK Lkk. di + Ulf*1' R ^ C ' S C'f C?' cki 

(78) 

ö ö Ö 

5 d d d 

dck dck. dck.. 

fci 
" ^ / i / ' ^ Sck öck. {l1' n " 4 1 2 öck öck. aI k 1 

ö_ 

öck 

+ (3 FIaI Fi3r + I AJ3L,) R J j Rri»)ikt Ck cki ck2 ^ — (FIAI F J a / , + \ AIaI AL3L.) FIIR R J j cin ck 

+ UL 1 ' b K 4 Al2j' Rk
Ill2 ck — 2RK

ILI2 FUI Ck. 2 ck Ö Cu 

, c, a)} 
i 11 a ö Ö ... Ö 

- R / j C[II C f / 2 ckt — v - + C[1 — k klöcköck. öckJ 

Apart f rom exchange effects, (78) is strictly valid 
without any reference to per tu rba t ion theory. 

In order to properly renormalize the b o u n d state 
theory we bring per tu rba t ion theory into play by 
treating all bound s t a t e - b o u n d state interactions 
nonperturbat ively, but use pe r tu rba t ion theory for the 
interact ion of the transversal electromagnetic field 
with the b o u n d states. In this way the contradic t ion 
between nonper tu rba t ive funct ional equat ions and 
per turbat ive renormal iza t ion is removed. It remains 
to give a comment with respect to renormal izat ion for 
bound states: 

This quest ion is concerned with the de terminat ion 
of the values of the counter te rms Sm and de if we apply 
the weak mapp ing procedure , i.e. t r ans form q u a n t u m 
electrodynamics into a b o u n d state dynamics. Pr imar-
ily, counter terms arise f rom the renormal iza t ion of 
free electron (positron) mass and charge. Additionally, 
they are destined to remove all divergencies f rom the 
theory under considerat ion. As in the renormalized 
equat ions the empirical mass m and charge e are fixed, 
it follows that the counter te rms are uniquely deter-
mined by the condi t ion tha t the calculation of the 
selfenergy and electromagnetic coupling cons tant of 
the dressed electron (and posi tron) may not alter the 
original empirical values of m and e; i.e. dm and be 
have to compensate all expressions which would 

change these empirical values. It is par t of the renor-
malization theory of q u a n t u m electrodynamics that 
simultaneously by this condi t ion also all infinities 
f rom the interaction representat ion are removed. 

Now we consider weak mapping. F o r instance, we 
assume a mapping by the two-fermion states 

c„ := C 
Z i 

jzM)jZ2(r')d3rd3r', (79) 

where j c , ^ J k = q u a n t u m n u m b e r j is a com-
plete set of two-fermion wave functions. Among this 
set we have (Coulomb problem!) b o u n d state and 
scattering state solutions. The scattering state 
solutions have ingoing or outgoing free electrons 
(positrons). By dressing these particles with vacuum-
and radiative-corrections we have the same si tuation 
as in the case of the interaction representat ion: The 
counter terms have to compensate all terms which 
would alter the already used empirical values m and e. 
In this way we see that also in the b o u n d state repre-
sentation the counter te rms dm and de are already 
fixed by the interact ion representat ion. This means 
that there is no f reedom with respect to bound states 
for a renewed adap t ion of the counter terms, as bound 
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states and scattering states occur in one map. O n the 
other hand it must be guaranteed that by this choice 
for dm and be also the radiative correction singulari-
ties for bound states are compensated. This is not 
selfevident. However, if this should not be the case, 
there is no escape of the conclusion that renormaliza-
tion cannot be applied to bound state problems. 

In the li terature it is demonst ra ted for hydrogen 
bound states that this procedure indeed works [11], 
and for one-electron bound states the Fur ry picture 
[12] is used for renormalizat ion. A general proof of 
renormalizabil i ty for bound states, however, seems 
not to be available. 

Let us give an a rgument that renormalizabil i ty may 
also work in the general case. The a rgument depends 
crucially on the possibility of a Hamil tonian , i.e. a 
Schrödinger representation of quan tum electrodynam-
ics. F o r this representat ion it suffices to consider all 
states in a one-time representat ion which is used as the 
basis for the weak mapp ing procedure. In this repre-
sentat ion for instance (79) can be resolved into a 
Four ier series 

C t 
M z , 

£-ipr —ip'r' d3pdV, 

(80) 

i.e. a plane wave representat ion which is simulta-
neously the basis of the pure interact ion representa-
tion. Thus, in the Hami l ton ian representat ion the 
bound state representat ion and the interaction repre-
sentat ion are referred to the same basis system. Thus, 
if renormalizat ion works in this basis system it must 
necessarily work in bo th representat ions. 

Finally we want to remark that the a t tempt to in-
t roduce dressed electrons and posi t rons by weak map-
ping already f rom the beginning, and only af terwards 
study the format ion of bound states will not solve the 
above ment ioned renormal izat ion problem but is 
much more difficult to perform. In this way the weak 
mapping with hard-core states seems to be the most 
promising approach to the discussion of bound state 
dynamics in renormalizable spinor q u a n t u m electro-
dynamics. 
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